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554 V \ � ) ) � 44VH~ GPD 1LfTF���u�M2!I��2�'_bO��L�Q�1L%nMY_ [5,11]. ui�Castillos [12] Y!$$l5�=O(JmiM$b)r�%L�z)�grMa'_���DX�Mi GPD T$(��(Ae;e9['_��rY_ [5], Ce�i Weibull bf9
 Copula r~e$+*�Y_ [6,8], we Bayesian h�tr�$*�(�1L [13], �$(�Y_�QQ���� GPD *�#7�"� Babus [14] s_ Bootstrap � A-D(Anderson-Darling) G�~�BX�*4$l�{#7re���K-S(Kolmogorov-Smirnor)b A-D ��C� GPD �M4e#70nMY_ [9].Ml�Æi GPD *�rN�� Nadarajahs [15] �r45�ÆC GPD *��%Æ*��uk���C���<� Kiriliouk s [5] F-� ~ GPD *��Y_i?gb'�>d%=T$-*%C�G�L
� Chen s [6] >S GPD gO Weibull-Pareto *�<l"^�%Y_i4{AI�� Park s [16] ;eH7$+oq� GPD \! �rZ�98�8O����ZM
�GI����%Y_i
���!S$l�;{���ra��Mu1L�.U���eo2! GPD  }d:1L�6w�Æ	u�g���D_{�i'�>bJ0lsÆ(r3 �b�X+�XHl1L���
Æ(XH��::M�bI;<b?3��I;<b?3r<K�
~ b. 4< vrXH�kd_
_Ler=T$*�C�$l����F6ar;V98��i }��r GPD bX#6XHr. b4e�oXH8CI>b�r1L
I�Y��'SG
GPD *����"r(H�b7ra|e Chen s [17] 8O�i GPD r��Fj!Sr Bayesian  }#6��� Susan s [18] M�?2!X1LO�}. GPD  }#6<vX*�(�d:�=O�i Kullback-Leibler p�r'_���C� }#6�%	�$lFj��Æ(H R�� Drees s [19] 1L� Pareto $+[!S[�d2! }Q�� Dierckx s [20] s_ Pareto �$+o Wiener XHrMq�Æ Pareto �$+o
GPD  }#6��C��5���n6℄;V� Meng[21] /_ Bayesian vq;e EM*�=O GPD  }U�I�� Safari s [22] . Pareto $+_iT:$b }!S#6�Lea|A1L-$H �d }Q��	%!A�G�>IgKe	�Y_r
GPD  }q�1L�F-e�r GPD 2! }%G�#���Æ(. r*�FX�a1L4}�X�MbwW38C�\b_rq�bY_%g��a�j-$;Fit�x 2 :>S�S8O GPD  }�y#7d:�=OMa'_�#7G�~�x 3 :1L GPD  }Æ!'_\!��%(y'}�~�.b+F�z�q�x 4 :*41L GPD  }#7G�~B��Y!$5�7�*�rG���x 5 :=O GPD  }*��T:�4B��l
e�!S$l0rY_�x 6 :G;%5�tI,bM[�r�Q�
2 GPD Wd��
2.1 GPD g$



4? n?�RE_�OQ Pareto !)�z 4&℄�'� 555��$G�*� [4] 1L0�I2Q�Y_r���Æ=�C�$f�&A$f=�h~HGa�$fMa$M+F,YQS�$$+�eo(�r$fMa$���$f/db1etiMa$r��Æ($\�(��Y��F!Sn �g)I�;V[�6a98��iV�(�T$�s_aiT$r=O~!SC�-*��V{?℄�g$ 1 k+� ~ X r$+\!X
G(x; u, σ, γ) =





1 −
(
1 + γ

x − u

σ

)− 1
γ

, γ 6= 0,

1 − exp
(
− x − u

σ

)
, γ = 0,

x ≥ u, 1 +
γ

σ
(x − u) > 0. (1)C X ,Yo2! GPD $+�� X ∼ G(x; u, σ, γ), �Yr!�\!X g(x; u, σ, γ). D0

u, γ ∈ R b σ > 0 $$X^+��?bK�2!�� Φ = (u, σ, γ).g$ 2 y X1, · · · , Xn ��wC$+=��G;$+\!X F (x), �y x∗ Xf�B}�=�L$ar u < x∗. k Xi > u, C Xi X=T$� Yi = Xi − u X=O~�$+\!X
Fu(y) = P (X − u ≤ y|X > u), y > 0.Lgn F (x) = F (u) + [1 − F (u)]Fu(y). 	�0� F (x) B:\��bi F (u) bbH7$+\!I��JbBXu�Sn F (x) rI��=O~$+\! Fu(y) B:X*� (1)r GPD ���

2.2 GPD Yf�
b�`^�#7d:�
H0 : Xi ∼ G(x; u0, σ0, γ0), i = 1, · · · , n. vs. H1 : [� m ∈ {1, 2, · · · , n − n0}.
n
Xi ∼ G(x; u1, σ1, γ1), i = 1, · · · , m, Xi ∼ G(x; u2, σ2, γ2), i = m + 1, · · · , n. (2) }H Φ1 = (u1, σ1, γ1) b }l Φ2 = (u2, σ2, γ2) \�L(s�F�'_�G�~ [23]

Zn =
√

max
1≤m≤n−1

(−2 lnΛm), D0 Λm =

sup
Φ0

n∏
i=1

g(Xi;Φ0)

sup
Φ1

m∏
i=1

g(Xi;Φ1) sup
Φ2

n∏
i=m+1

g(Xi;Φ2)
.v_� Λm ≤ 1. �	 } m∗ �}3 �.g) Λm∗ ?
�Y� Zn {a{TiPX

H0. VO
max

1≤m≤n−1
(−2 lnΛm) = max

1≤m≤n−1
(2(L1(Φ̂1) + L2(Φ̂2) − Ln(Φ̂))).D0 Φ̂1 b Φ̂2 o Φ̂ $$X�i X1, · · · , Xm b Xm+1, · · · , Xn o X1, · · · , Xn r2!I�� L XÆ!'_\!�



556 V \ � ) ) � 44V<Wu�#7d:!-�G�~ Zn � H0 tr$+�e Zn rG\$+�.�j�J<�-�D+F$+%MV�n�=$��%!$+It�1G�~�~$+Leg℄r;� [23]. eÆ GPD �2�bi$+�S�	e {x : x ≥ u, 1 + γ(x− u)σ−1 > 0} %(�HH~'_>(�C�C(�H Csörgö s [23] 0 C.4 b C.5 <89gy'>(�Y�Leq�b��(1!7
_�XV�uÆ GPD Oit2! z��u^� γ < 0 Q��� θ′ = u − σγ−1, β = (−γσ−1)−γ−1 b α = −γ−1, �
g∗(x; θ′, α, β) = αβ(θ′ − x)α−1I((θ′ − β−α−1

) ≤ x ≤ θ′),

I(·) X��\!��� Y = −X , θ = −θ′, n
g(y; θ, α, β) = αβ(y − θ)α−1I(θ ≤ y ≤ (θ + β−α−1

)). (3)\! g � [24] rI���� θ ∈ R, (α, β) ∈ Ψ ⊆ R2, [�MiÆ!'_�HrI�&� (θ̂k, α̂k, β̂k), �H [24] �~�q>(�UVeit;�Fw�
θ̂k − θ0 = Op(

√
k), α̂k − α0 = Op(

√
k), β̂k − β0 = Op(

√
k)., Xk = Op(ak)"�
P
 ǫ > 0,[� Kǫ, δǫ > 0,f k > Kǫ,
n P (|Xk

ak
| ≥ δǫ) ≤ ǫFw�B:b$�X Xk = O(ak).�i (3) ��. (2) <zXit#7d:�

H0 : Yi ∼ g(y; θ0, α0, β0), i = 1, · · · , n. vs. H1 : [� m ∈ {1, 2, · · · , n − n0}. 
n
Yi ∼ g(y; θ1, α1, β1), i = 1, · · · , m, Yi ∼ g(y; θ2, α2, β2), i = m + 1, · · · , n. (4) }Hld� Φ1 = (θ1, α1, β1) b Φ2 = (θ2, α2, β2) \��Φ0 = (θ0, α0, β0). F�G�~

Zn =
√

max
1≤m≤n−1

Zm =
√

max
1≤m≤n−1

(−2 lnΛm).

3 GPD Wd��q��(7tl�Xnj Zn r+F$+�Æ!�\! g(y; θ, α, β) �M�.C��r1L�^� (3) �Æ!'_\!
Lk(Φ) , Lk(Φ; Y1, · · · , Yk) =

k∑

i=1

ln g(Yi;Φ) = k lnα + k lnβ + (α − 1)

k∑

i=1

ln(Yi − θ).o [24] ��o'�bM�%�f α > 2 ��[� Φ̂k = (θ̂k, α̂k, β̂k), 
n ∂Lk(Φ̂k)
∂Φ

= 0 F



4? n?�RE_�OQ Pareto !)�z 4&℄�'� 557w�Æ!'_\! Lk(Φ) I�89gS<n
∂Lk(Φ)

∂θ
= −

k∑

i=1

α − 1

Yi − θ
,

∂Lk(Φ)

∂α
=

k

α
+

k∑

i=1

ln(Yi − θ),

∂Lk(Φ)

∂β
=

k

β
,

∂2Lk(Φ)

∂α2
= − k

α2
,

∂2Lk(Φ)

∂β2
= − k

β2

∂2Lk(Φ)

∂θ2
= −

k∑

i=1

α − 1

(Yi − θ)2
,

∂2Lk(Φ)

∂θ∂α
= −

k∑

i=1

1

Yi − θ
.

(5)

� M X�nO���
M =




mθθ mθα mθβ

mαθ mαα mαβ

mβθ mβα mββ


 ,u($$X

mθθ = −E
[∂2 ln g(Yi;Φ)

∂θ2

]
, mββ = −E

[∂2 ln g(Yi;Φ)

∂β2

]
,

mθβ = mβθ = −E
[∂2 ln g(Yi;Φ)

∂θ∂β

]
, mαα = −E

[∂2 ln g(Yi;Φ)

∂α2

]
,

mθα = mαθ = −E
[∂2 ln g(Yi;Φ)

∂θ∂α

]
, mαβ = mβα = −E

[∂2 ln g(Yi;Φ)

∂α∂β

]
.�) 1 y Y1, · · · , Yk �wC$+i5�!�\! g(y;Φ), e

1.1) Æi r, r′ > 0, �
E

[∂ ln g(Yi;Φ)

∂θ

]r

< ∞, r < α; E
[∂2 ln g(Yi;Φ)

∂θ2

]r′

< ∞, 2r′ < α.

1.2)

sup
k

∂Lk(Φ)/∂θ√
k ln ln k

= O(1), a.s. (6)

1.3) f 2 < α ≤ 4 ��Æ
P r ∈ [0, 1 − 2α−1), e
lim

k→∞
kr

(1

k

∂2Lk(Φ)

∂θ2
+ mθθ

)
= 0, a.s.;f α > 4 ��Æ
P r ∈ [0, 0.5), u�C=Fw�

1.4) (a) Æi θ ∈ R, β > 0 b α > 3, e E(Y − θ)−r < ∞, r = 1, 2, 3.

(b) Æi θ ∈ R, β > 0 b 2 < α ≤ 3, e E(Y − θ)−r < ∞, r = 1, 2. 
P
 ε > 0, �
k∑

i=1

1

(Yi − θ)3
= o(k3/α(ln k)3(1/α+ε)), a.s. (7)

1.5) � H0 t�
P
 ε > 0, e
(
1 − Y(1) − θ

Y(2) − θ

)−1

= o
(
(ln k)1+ε

)
, a.s. (8)



558 V \ � ) ) � 44V, 1 a.s. (almost surely), "�Æ( { lim
k→∞

Xk = X}�}r5� P
{

lim
k→∞

Xk = X
}

=

1, �X lim
k→∞

Xk = X , a.s.;, 2 Xk = op(ak) "�
P
 ε > 0, δ > 0, [� Kε,δ, f k > Kǫ,δ ��
n
P

(∣∣Xk

ak

∣∣ ≥ δ
)
≤ ǫ Fw�B:$�X Xk = o(ak).D 1.1) b E(Y − θ)−r = αβ

∫ θ+β−
1
α

θ
(y − θ)−r+α−1dy < ∞, r < α. Cqe

E
[∂ ln g(Yi;Φ)

∂α

]r

< ∞, r < α;

E
[∂2 ln g(Yi;Φ)

∂θ2

]r′

< ∞, 2r′ < α;

E
[∂2 ln g(Yi;Φ)

∂θ∂α

]r′

< ∞, 2r′ < α.

1.2) b�. 1.1) b�
E

(∂ ln g(Yi;Φ)

∂θ

)2

= −E
(∂2 ln g(Yi;Φ)

∂θ2

)
< ∞.VO�

E
(∂Lk(Φ)

∂θ

)
= 0,b [25] r 235 D�q 7.1 n

lim sup
k→∞

∂Lk(Φ)/∂θ
√

mθθ

√
2k ln ln k

, a.s.,J (6) �n��D/o'�
1.3)

kr
(1

k

∂2Lk(Φ)

∂θ2
+ mθθ

)
= kr

[1

k

k∑

i=1

(∂2 ln g(Yi;Φ)

∂θ2

)
− E

(∂2 ln g(Yi;Φ)

∂θ2

)]

=
1

k1−r

k∑

i=1

[∂2 ln g(Yi;Φ)

∂θ2
− E

(∂2 ln g(Yi;Φ)

∂θ2

)]
.b [25] 0 M-Z �o�. 1.1) e 1 6 (1 − r)−1 < min{0.5α, 2}, v$
��Cq�wb�%�

lim
k→∞

kr
(1

k

∂2Lk(Φ)

∂α2
+ mαα

)
= 0, a.s.;

lim
k→∞

kr
(1

k

∂2Lk(Φ)

∂β2
+ mββ

)
= 0, a.s.;

lim
k→∞

kr
(1

k

∂2Lk(Φ)

∂θ∂α
+ mθα

)
= 0, a.s.;

lim
k→∞

kr
(1

k

∂2Lk(Φ)

∂θ∂β
+ mθβ

)
= 0, a.s.;
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lim
k→∞

kr
(1

k

∂2Lk(Φ)

∂α∂β
+ mαβ

)
= 0, a.s.

1.4) (a) b�. 1.1) bn�t� (7) ��b [26], f k → ∞ ��
k∑

i=1

(Yi − θ)−3 = o(λk), s� k∑

i=1

P ((Yi − θ)−3 > λi) < ∞.� P ((Yi − θ)−3 > λi) = F (Yi 6 θ + λ
−1/3
i ) = βλ

−α/3
i . Æi
P
 ε > 0, �

λi = (βi)3/α(ln i)3(1/α+ε), � P ((Yi − θ)−3 > λi) = (i(ln i)1+αε)−1, Jn��
1.5) 1�.T;�%XHo'Æi [27] �%o2! Weibull $+�������) 2 Æ δ > 0 b
P {δk > 0}, �H δkkα−1+δ → 0. y Iδk

= {θ̂ ∈ R, α̂ > 2, β̂ >

0 : |θ̂ − θ0| < δk, |α̂ − α0| < δk, |β̂ − β0| < δk}, 0 < r < 1 − 2α−1, e
lim

k→∞
kr

(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂θ∂α
− ∂2Lk(Φ0)

∂θ∂α

∣∣∣
)

= 0, a.s.;

lim
k→∞

kr
(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂θ2
− ∂2Lk(Φ0)

∂θ2

∣∣∣
)

= 0, a.s.;

lim
k→∞

kr
(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂θ∂β
− ∂2Lk(Φ0)

∂θ∂β

∣∣∣
)

= 0, a.s.;

lim
k→∞

kr
(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂α2
− ∂2Lk(Φ0)

∂α2

∣∣∣
)

= 0, a.s.;

lim
k→∞

kr
(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂α∂β
− ∂2Lk(Φ0)

∂α∂β

∣∣∣
)

= 0, a.s.;

lim
k→∞

kr
(
sup
Iδk

1

k

∣∣∣
∂2Lk(Φ̂)

∂β2
− ∂2Lk(Φ0)

∂β2

∣∣∣
)

= 0, a.s.D b�. 1.4), f α > 3 ��Æ!'_9g([��
}
f 2 < α ≤ 3 ��'_I�89g� Yi = θ0 (y'�LPH{�[��
}O�DjZ([��N7�l%�Fw�J^�f 2 < α ≤ 3 ��H{�r�%�s_ (5) ��A�H{;s��&!�Mt{��
lim

k→∞
kr

[
sup
Iδk

1

k

k∑

i=1

( 1

Yi − θ̂
− 1

Yi − θ0

)]
= 0, a.s.; (9)

lim
k→∞

kr
[
sup
Iδk

1

k

k∑

i=1

( 1

(Yi − θ̂)2
− 1

(Yi − θ0)2

)]
= 0, a.s. (10)u� (9) ��$<

k

k∑

i=1

( 1

Yi − θ̂
− 1

Yi − θ0

)
=

1

k(Y(1) − θ̂)
− 1

k(Y(1) − θ0)
+

1

k

k∑

i=2

( 1

Yi − θ̂
− 1

Yi − θ0

)
. (11)



560 V \ � ) ) � 44V(�I���y θ0 = 0, β0 = 1, � Zk = (Yk)−1, � Zk e f(z; α) = αz−α−1I (1 6 z).k r′ < α,e [k(Y(1)−θ0)]
−1 = o(k1/r′−1), a.s.. � [Y(1)−θ̂]−1 =

[
(Y(1)−θ0)

[
1− θ̂−θ0

Y(1)−θ0)

]]−1
,g δk = o(k−(α−1+δ)),Æ α−1 < 1/r′′ < α−1+δ,e sup

Iδk

|θ̂−θ0|
(Y(1)−θ0)

= o(k−(α−1+δ)+1/r′′

) = o(1),

a.s. � r′′′ = 1 − 1/r′, ∀ r′ < α, e
sup
Iδk

( 1

k(Y(1) − θ̂)
− 1

k(Y(1) − θ0)

)
= o (k−(1−1/r′)) = o(k−r′′′

), a.s.bi 1 − 2α−1 < 1 − α−1, JÆ 0 < r < 1 − 2α−1, Mis� (11) f�H{�e
sup
Iδk

( 1

k(Y(1) − θ̂)
− 1

k(Y(1) − θ0)

)
= o

( 1

kr

)
, a.s. (12)Æis� (11) f�xo��[� θ̃,

i) f θ̂ < θ0 ��e θ̂ < θ̃ < θ0, .M
1

k
|θ̂ − θ0|

k∑

i=2

1

(Yi − θ̃)2
6

1

k
|θ̂ − θ0|

k∑

i=2

1

(Yi − θ0)2
.b�. 1.3) b (5) ��

1

k

k∑

i=2

1

(Yi − θ0)2
= O(1), a.s. (13)

ii) f θ̂ > θ0 ��e θ0 < θ̃ < θ̂, Yi − Y(1) 6 Yi − θ̃, s_ (8), (12) b (13) ��e
sup
Iδk

1

k

k∑

i=1

[(Yi − θ̂)−1 − (Yi − θ0)
−1] = o(k−r), a.s.UV� (9) �n��

(10) ��%o' (9) ����$<7��%��V(�II�%��. 2 ���g{ 1 [�	!� {δk}, δ > 0, 
 δk

√
k−1 ln ln k → ∞ b δkkδ+α−1 → 0, L A, e

P (A) = 1. 
P ω ∈ A, e k0(ω), 
n
P k ≥ k0, Lk(Φ) [�I� Φ̂k = (θ̂k, α̂k, β̂k), �H ∂Lk(Φ̂k)
∂θ = 0, ∂Lk(Φ̂k)

∂α = 0, ∂Lk(Φ̂k)
∂β = 0. L |θ̂k−θ0| 6 δk, |α̂k−α0| 6 δk, |β̂k−β0| 6 δk.D o'�% Weibull �� [28], �H�q>( {δk}, 
P x, y, z ∈ R, �S

fk(x, y, z) =
1

δ2
kk

Lk(θ0 + δkx, α0 + δky, β0 + δkz).&A x2 + y2 + z2 6 1, s_ Taylor �[��[� |xθ| < 1, |yθ| < 1 b |zθ| < 1, 
n
∂fk(x, y, z)

∂x
=

∂fk(0, 0, 0)

∂x
+ x

∂2fk(xθ , yθ, zθ)

∂x2
+ y

∂2fk(xθ, yθ, zθ)

∂x∂y
+ z

∂2fk(xθ, yθ, zθ)

∂x∂z
.



4? n?�RE_�OQ Pareto !)�z 4&℄�'� 561� Φθ = (θθ, αθ, βθ), θθ = θ0 + xθδk, αθ = α0 + yθδk b βθ = β0 + zθδk. bi |xθ| <

1, |yθ| < 1 o |zθ| < 1, J |θθ − θ0| < δk, |αθ − α0| < δk b |βθ − β0| < δk, bu�n
∂fk(x, y, z)

∂x
=

1

δkk

∂Lk(Φ0)

∂θ
+

x

k

∂2Lk(Φθ)

∂θ2
+

y

k

∂2Lk(Φθ)

∂θ∂α
+

z

k

∂2Lk(Φθ)

∂θ∂β

=
1

δkk

∂Lk(Φ0)

∂θ
+

x

k

∂2Lk(Φθ)

∂θ2
+

y

k

∂2Lk(Φθ)

∂θ∂α
+

z

k

∂2Lk(Φθ)

∂θ∂β

+
x

k

∂2Lk(Φ0)

∂θ2
+

y

k

∂2Lk(Φ0)

∂θ∂α
+

z

k

∂2Lk(Φ0)

∂θ∂β

− x

k

∂2Lk(Φ0)

∂θ2
− y

k

∂2Lk(Φ0)

∂θ∂α
− z

k

∂2Lk(Φ0)

∂θ∂β

+ xmθθ − xmθθ + ymθα − ymθα + zmθβ − zmθβ.�
εk,θ(xθ, yθ, zθ) =

x

k

(∂2Lk(Φθ)

∂θ2
− ∂2Lk(Φ0)

∂θ2

)
+ x

(1

k

∂2Lk(Φ0)

∂θ2
+ mθθ

)

+
y

k

(∂2Lk(Φθ)

∂θ∂α
− ∂2Lk(Φ0)

∂θ∂α

)
+ y

(1

k

∂2Lk(Φ0)

∂θ∂α
+ mθα

)

+
z

k

(∂2Lk(Φθ)

∂θ∂β
− ∂2Lk(Φ0)

∂θ∂β

)
+ z

(1

k

∂2Lk(Φ0)

∂θ∂β
+ mθβ

)

+
1

δkk

∂Lk(Φ0)

∂θ
..M�

∂fk(x, y, z)

∂x
= −xmθθ − ymθα − zmθβ + εk,θ(xθ , yθ, zθ).Æ ε s�BX�-s_ (6) ��b�. 1.3)o�. 2 b�%f k → ∞ ��k M ���� x∂fk

∂x + y ∂fk

∂y + z ∂fk

∂z < 0. >S [28] N-Ma$�q�f k → ∞, � x2 + y2 + z2 < 1 /
fk [�N-Ma$��H�q>(��q 1 ���g{ 2 Æ
P r, L 0 < r < 1 − 2α−1, e

lim
k→∞

kr

√
k ln ln k







∂Lk(Φ0)/∂θ

∂Lk(Φ0)/∂α

∂Lk(Φ0)/∂β


 − kM




θ̂k − θ0

α̂k − α0

β̂k − β0





 = 0, a.s. (14)D � δ̃k = ln ln ln k

√
ln ln k/k, �H�. 2, δ̃kk1/α+δ → 0, Ma'_I� Φ̂k =

(θ̂k, α̂k, β̂k), � Taylor �[
∂Lk(Φ̂k)

∂θ
=

∂Lk(Φ0)

∂θ
+

∂2Lk(Φ̃k)

∂θ2
(θ̂k − θ0) +

∂2Lk(Φ̃k)

∂θ∂α
(α̂k − α0) +

∂2Lk(Φ̃k)

∂θ∂β0
(β̂k − β0),D0 Φ̃k = (θ̃k, α̃k, β̃k), |θ̃k − θ0| < |θ̂k − θ0| < δ̃k, |α̃k − α0| < |α̂k − α0| < δ̃k, |β̃k − β0| <

|β̂k − β0| < δ̃k. e
∂Lk(Φ̂k)

∂θ
=

∂Lk(Φ0)

∂θ
− k(θ̂k − θ0)mθθ − k(α̂k − α0)mθα − k(β̂k − β0)mθβ
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+

(∂2Lk(Φ0)

∂θ2
+ kmθθ

)
(θ̂k − θ0) +

(∂2Lk(Φ0)

∂θ∂α
+ kmθα

)
(α̂k − α0)

+
(∂2Lk(Φ0)

∂θ∂β
+ kmθβ

)
(β̂k − β0) +

(∂2Lk(Φ̃k)

∂θ2
− ∂2Lk(Φ0)

∂θ2

)
(θ̂k − θ0)

+
(∂2Lk(Φ̃k)

∂θ∂α
− ∂2Lk(Φ0)

∂θ∂α

)
(α̂k − α0) +

(∂2Lk(Φ̃k)

∂θ∂β0
− ∂2Lk(Φ0)

∂θ∂β

)
(β̂k − β0).UX ∂Lk(Φ̂k)

∂θ = 0, .M
1√

k ln ln k

(∂Lk(Φ0)

∂θ
− k(θ̂k − θ0)mθθ − k(α̂k − α0)mθα − k(β̂k − β0)mθβ

)

= − 1√
k ln ln k

(∂2Lk(Φ̃k)

∂θ2
− ∂2Lk(Φ0)

∂θ2

)
(θ̂k − θ0)

− 1√
k ln ln k

(∂2Lk(Φ̃k)

∂θ∂α
− ∂2Lk(Φ0)

∂θ∂α

)
(α̂k − α0)

− 1√
k ln ln k

(∂2Lk(Φ̃k)

∂θ∂β
− ∂2Lk(Φ0)

∂θ∂β

)
(β̂k − β0)

− 1√
k ln ln k

(∂2Lk(Φ0)

∂θ2
+ kmθθ

)
(θ̂k − θ0)

− 1√
k ln ln k

(∂2Lk(Φ0)

∂θ∂α
+ kmθα

)
(α̂k − α0)

− 1√
k ln ln k

(∂2Lk(Φ0)

∂θ∂β
+ kmθβ

)
(β̂k − β0). (15)g |θ̃k − θ0| < ln ln ln k

√
ln ln k

k , |α̃k − α0| < ln ln ln k
√

ln ln k
k , |β̃k − β0| < ln ln ln k

√
ln lnk

k .J.�. 1.3) b�. 2 Y_i (15) �n
lim

k→∞

kr

√
k ln ln k

[
∂Lk(Φ0)

∂θ
− k(θ̂k − θ0)mθθ − k(α̂k − α0)mθα − k(β̂k − β0)mθβ

]
= 0, a.s.,D0 mθθ, mθα b mθβ X�nO�M rxI�ÆYu(��Æ α, β o'b�

lim
k→∞

kr

√
k ln ln k

[∂Lk(Φ0)

∂α
− k(θ̂k − θ0)mαθ − k(α̂k − α0)mαα − k(β̂k − β0)mαβ

]
= 0, a.s.;

lim
k→∞

kr

√
k ln ln k

[∂Lk(Φ0)

∂β
− k(θ̂k − θ0)mβθ − k(α̂k − α0)mβα − k(β̂k − β0)mββ

]
= 0, a.s.����� 1 b�q 1 nMa'_I� Φ̂k = (θ̂k, α̂k, β̂k) �H

sup
k

√
k√

ln ln k
|θ̂k − θ0| = O(1), a.s.;

sup
k

√
k√

ln ln k
|α̂k − α0| = O(1), a.s.;

sup
k

√
k√

ln ln k
|β̂k − β0| = O(1), a.s.



4? n?�RE_�OQ Pareto !)�z 4&℄�'� 563D b�q 1 � g(y; θ, α, β) rÆ!'_\! Lk(Φ) [�&� Φ̂k, 
n ∂Lk(Φ̂k)
∂θ = 0.Æi\! Lk(θ0 + δkx, α0 + δky, β0 + δkz), � (x, y, z) = (1, 0, 0), δk �H�q 1 >(�s_ Taylor �[��b�. 2 o�. 1.3) b��f k → ∞ ��

1

k

(∂2Lk(Φ̃k)

∂θ2
− ∂2Lk(Φ0)

∂θ2

)
(θ̂k − θ0) → 0,

1

k

(∂2Lk(Φ0)

∂θ2
+ kmθθ

)
(θ̂k − θ0) → 0.J

lim
k→∞

(1

k

∂Lk(Φ0)

∂θ
− mθθ(θ̂k − θ0)

)
= 0,b�. 1.2) n

lim sup
k→∞

√
kmθθ|θ̂k − θ0|√

2 ln ln k
= 1, a.s.D/C������� 2 Æ
P r, 
n 0 < r < 1 − 2α−1, e

lim
k→∞

kr




1

k




∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β




T

M−1




∂Lk(Φ0)
∂θ

∂Lk(Φ0)
∂α

∂Lk(Φ0)
∂β


 − k




θ̂k − θ0

α̂k − α0

β̂k − β0




T

M




θ̂k − θ0

α̂k − α0

β̂k − β0







=0, a.s. (16)D M ����[�O� Q 
 M = QTQ, A� (16) �&!� lim
k→∞

qkq
T
k = 0, D0

qk =
√

ln ln k
[ 1√

k

(∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
Q−1

+
√

k(θ̂k − θ0, α̂k − α0, β̂k − β0)Q
T
]
,

qT
k =

kr

√
ln ln k




1√
k

(QT )−1




∂Lk(Φ0)

∂θ
∂Lk(Φ0)

∂α
∂Lk(Φ0)

∂β


 −

√
kQ




θ̂k − θ0

α̂k − α0

β̂k − β0





 .f k → ∞ ��

qk√
ln ln k

= O(
√

ln ln k), a.s.b (14) �b� lim
k→∞

qT
k = 0, a.s., ���g{ 3 Æ
P r, 
 0 < r < 1 − 2α−1, f k → ∞ ��e

kr


2(Lk(Φ̂k) − Lk(Φ0)) −

1

k

(∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
M−1




∂Lk(Φ0)

∂θ
∂Lk(Φ0)

∂α
∂Lk(Φ0)

∂β







−→0, a.s.



564 V \ � ) ) � 44Vo' [28], s_ Taylor �[���L� 1 b�. 1.3), ���g{ 4 #7d: (4), H0 t�Æ
P t, α > 2(
 −0.5 < γ < 0) $$e
lim

n→∞
P{A(lnn)

√
max

16k6n−1
2 ln Λ

(0)
k 6 t + D3(lnn)} = exp{−e−t},

lim
n→∞

P{A(lnn)
√

max
16k6n−1

2 ln Λk 6 t + D3(ln n)} = exp{−2e−t}.D0 A(y) =
√

2 ln y, Dd(y) = 2 ln y + (0.5d) ln ln y − ln Γ(0.5d), Λ
(0)
k X Φ1 = Φ0 r#7G�~�D s_�q 3 ;��b�t�

∣∣∣∣ max
16k6n

[
2(Lk(Φ̂k) − Lk(Φ0))

]

− max
16k6n

1

k

(∂Lk(Φ0)

∂θ
,
∂Lk(Φ0)

∂α
,
∂Lk(Φ0)

∂β

)
M−1




∂Lk(Φ0)

∂θ
∂Lk(Φ0)

∂α
∂Lk(Φ0)

∂β




∣∣∣∣∣∣∣∣∣

= o(ln lnn).%LbVhNnj&:;��T;�%XHo' [23]. ���Æi γ > 0 r GPD  }d:�BX2! zno' (3) �r!�\!�Æ!'_\!<89g([��
}�s_ γ < 0 ���Nno'�q 4 ;��VO�f γ = 0�� GPD MvX%!$+�u�;�Æi%!$+IJ_Fw [23]. Y��b�t��qFw�g{ 5 #7d: (2), H0 t�Æi
P t, γ > −0.5 $$e
lim

n→∞
P{A(lnn)

√
max

16k6n−1
2 ln Λ

(0)
k 6 t + D3(lnn)} = exp{−e−t},

lim
n→∞

P{A(lnn)
√

max
16k6n−1

2 ln Λk 6 t + D3(ln n)} = exp{−2e−t}.D0 A(x) =
√

2 lnx, Dd(x) = 2 lnx + (0.5d) ln lnx − ln Γ(0.5d), Λ
(0)
k ZSC�q 4.

4 ���x*41L�i GPD  }d: (2). ��q 5 o H0 t� 2.2 :0#7G�~ Zn r�=$bt�*4n�
P

(
max

c6m6n−h

√
−2 lnΛm > x

)

=
xd exp{−x2

2 }
2d/2Γ(d

2 )

{
ln

((1 − c)(1 − h)

ch

)
− d

x2
ln

(1 − c)(1 − h)

ch
+

4

x2
+ O

( 1

x2

)}
.

Csörgö s [23] %Of c = h = n−1(ln n)3/2 ���V6℄�
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4.1 Ær~bt!m�Vv }[�rD_��� }Hl2!Up{a�#7G�~ Zn �jPXrr5�{a%{_F 1. X�< Zn �jPXrr5� v�=�#7#<^�ito2Qj�
1) �?2! }� Φ1 = (0, 1, 0.1) b Φ2 = (0, 1, 0.1 + 0.01j);

2) K�2! }� Φ1 = (0, 1, 0.1) b Φ2 = (0, 1 + 0.01j, 0.1);

3) �?bK�{2! }� Φ1 = (0, 1, 0.1) b Φ2 = (0, 1 + 0.01j, 0.1 + 0.01j).C�B�\!*4�Φi = (uij , σij , γij)"�x iKGPD2!�Y i = 1, 2; j = 1, 2, · · · , 100.
 1 \ G�*4y+�K� j, �ay+�X$$9}h~X 200 b 500 r GPD=�� }^+$$y�x 100 ;bx 250 ;=�R�
 2 \ �**4;V��*G�~ Z
(j)
n , 4- N = 500 X�G��jPXrX!

N0
j , 
#7G�~ai�=$X!�
 3 \ 5�S<�s_:�o5�Mq� N0

j

N → Pj , �*=��jPXr5� Pj .
 4 \ y� j ( 100, 
(
��{$+2!�Up�.n*4;ViJ 1 .��

� 1 <�}"#W 200 a 500 P�spA�[��tPibJ 1 �� Zn G�~#7B�{2! (γ b σ)  }aid2! (γ � σ)  }��?2! (γ)  }r#7B�gaiK�2! (σ)  }�B�+=����87�
4.2 l℄	Yf���m���
4.2.1 �-℄	Yf��y++�*4 N = 300 X (	�u�*4 300 Xb 500 X;VI)�^�j	{��MtZY 300 X), %=O� S0, · · · , S4 (µ1 = µ2 = 0, σ1 = σ2 = 1) g2Q��*4�*#7#< α = 0.05(MtZ/_V$) �PXv�yr5�a
��*;Vi" 1 .�� m∗ "��	 }^+ (;�}F&��{� m* R4�>S S0, · · · , S4, S5, · · · , S9b S10, · · · , S14 (CQ�2!y+9}!S). b" 1 \j H0 X��� I o℄i5�� αv7��VI��e H0 X���PXv�yr5�67�
� II o℄ir5�6t�VO�+A=����G�~#7B�e�aT��" 1 Y5�5�nj��?2! }�<2QjtPXv�yrATa
�-��f�?2! }[���X�!N\



566 V \ � ) ) � 44Vj }^+I��V�$$Æ S0, · · · , S4, M n = 200, m∗ = 130 b n = 500, m∗ = 250Xu� 300 X*4 }^+I�;ViJ 2 oJ 3 .��J 2 N�-$"�PXv�y }^+I�;V��J�f�-$"�PXv�y }^+I�;V9?J�Æi
S0, · · · , S4 (J0 S0, · · · , S4, D/o'),  }^+I�;Vr0^!a���	 } m∗^+/F�bJ 2 f�-$b\j S4 ;V�68�eM�;g2Q��2� }^+I�;V8A	0� m∗ /F6
�U/ ��Æih~ 500 rQjiJ 3 .��Z 1 �>1� (γ) �{P�

H0 W� (e�{) H0 W� (d�{)

n S0 m∗ S1 S2 S3 S4

γ1 = 1.0 γ1 = 1.0 γ1 = 2.0 γ1 = 1.0 γ1 = 1.0

γ2 = 1.0 γ2 = 2.0 γ2 = 1.0 γ2 = 0.5 γ2 = 1.5

0.096 70 0.637 0.727 0.507 0.280

200 0.080 100 0.780 0.783 0.557 0.303

0.107 130 0.720 0.683 0.417 0.280

0.086 150 0.970 0.980 0.843 0.610

500 0.077 250 0.980 0.990 0.870 0.610

0.093 350 0.987 0.967 0.813 0.577

n=200, m*=130

S0 S0S1 S1S2 S2S3 S4 S3 S4
40

60

80

100

120

140

160

180

n=500, m*=250

S0 S0S1 S1S2 S2S3 S3S4 S4

100

150

350

200

300

400

450

� 2 n = 200, �>1��{ 300 W℄*(3 � 3 n = 500, �>1��{ 300 W℄*(3

� 4 500 :<�sp S0 P�HW�y � 5 500 :<�sp S1 P�HW�yÆ�J 2, J 3b\j�J 3N�-$ ((^� S0 Q�)%$^}�U (Inter Quartile
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Range, IQR) ?	 ( }^+I�;V?	0) bJ 3 f�-$9?JC?	0i�	 }^+�$%+A=�~�a� }^+I�?G\�X?℄\j�?2! }[�o(Q�8$�M n = 500 r S0 b S1(m
∗ = 150) Xu�Q Zm + mrIX*4 v (iJ 4J 5.�), J0fq"�"��=$� (Critical

Line, CL). Æi }[�Q� (J 5), Zm +A m r v�6eR��Y=�{� vjMa$/FT��6%v�� }([�Q� (J 4), �2 v�6~��G�~ Zm vW�X	�Y_8CI28
 }�(�	[�r8NJS�
4.2.2 _h℄	Yf�� Z 2 J�1� (σ) �{P�

H0 W� (e�{) H0 W� (d�{)

n S5 m∗ S6 S7 S8 S9

σ1 = 1.0 σ1 = 1.0 σ1 = 2.0 σ1 = 1.0 σ1 = 1.0

σ2 = 1.0 σ2 = 2.0 σ2 = 1.0 σ2 = 0.5 σ2 = 1.5

0.070 70 0.820 0.800 0.790 0.360

200 0.083 100 0.867 0.860 0.850 0.377

0.080 130 0.857 0.827 0.790 0.433

0.090 150 0.983 0.980 0.993 0.670

500 0.093 250 1.000 0.997 0.997 0.740

0.087 350 0.997 1.000 0.997 0.643

n=200, m*=130

S5 S6 S7 S8 S9 S5 S6 S7 S8 S9

40

50

60

70

80

90

100

110

120

140

150

160

170

180

n=500, m*=250

S5 S5S6 S6S7 S7S8 S8S9 S9

50

100

150

200

300

350

450

400

� 6 n = 200, J�1��{ 300 W℄*(3 � 7 n = 500, J�1��{ 300 W℄*(3(�I���" 2 =O S5, · · · , S9 (µ1 = µ2 = 0, γ1 = γ2 = 0.5) Q�t*4 300 XPXv�yr5�a
�bV\O H0 X���� I o℄ir5�o" 1 0 S0 Q�o'�� 0.05 v7�k H0 X��� II o℄ir5�gt�fK�2!8Uai 1, 300X*4;VZ�jPXr�Æ� S8 b S9, oK�2! aQ����K�2! 
Q�'m?hNnj�\r;��ix 5 :	u$l0=X+T$r4B��l
e�,Y GPD, DK�2!+A��LK� 
�-���22! v?3t�?hN#6j } (�?2! }Q�Ceo';�). eu�;�o2!rUp�U�eMqr�i
S6 b S7 M(*e�2Qj�C�?2! }Q��X!N\jK�2! }Q� }r^+I��V�Æ S5, · · · , S9, M n = 200, m∗ = 130 b n = 500, m∗ = 250 Xu�
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300X*4 }^+I�r;VMJ��C��{ (iJ 6, J 7 .�). oJ 2 bJ 3 o'�Æi S6 − S9 %2Q��J 6, J 7 N�-$r IQR �g
�"%a-$^+I�$���$/F�I�986ar};!6w�VO�Æ�J 6 J 7, +A=�~r��� }^+I�G�?�\�
4.2.3 �-p_h}℄	Yf��" 3 =O S10, · · · , S14 +�*4 300 X�PXv�yr5��� H0 X�Qjt�� II o℄ir5�C�:t�+A2!Up�a (b S14 j S11 �j S13), PXv�y5�{a�X�!N\j^+2!rI��V�QJiJ 8 .��%bJ 8 1?Om\j� 300X*4 S10 Q�t�PXv�yX!gw��OÆ2Q�t� IQR g
L9?J�6	0i�	 }^+�$% }^+I�;V6℄�VO�+A=�h~��j
500 ��;V n?�rG��iJ 9 .��Z 3 "1� (σ, γ) �{P�

H0 W� (e�{) H0 W� (d�{)

n S10 m∗ S11 S12 S13 S14

Φ1 = (0.0, 1.1, 0.1) Φ1 = (0.0, 1.1, 0.1) Φ1 = (0.0, 1.5, 0.5) Φ1 = (0.0, 1.1, 0.1) Φ1 = (0.0, 1.1, 0.1)

Φ2 = (0.0, 1.1, 0.1) Φ2 = (0.0, 1.5, 0.5) Φ2 = (0.0, 1.1, 0.1) Φ2 = (0.0, 1.8, 0.8) Φ2 = (0.0, 0.5, 0.5)

0.083 70 0.783 0.847 0.997 0.550

200 0.097 100 0.807 0.827 0.993 0.687

0.123 130 0.780 0.777 0.993 0.633

0.020 150 0.997 0.993 1.000 0.970

500 0.010 250 0.997 1.000 1.000 0.987

0.013 350 1.000 0.993 1.000 0.957

n=200, m*=130

S10 S11 S11S12 S13 S14 S10 S12 S13 S14

40
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n=500, m*=350

S10 S10S11 S11S12 S13 S12 S13S14 S14
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200
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300

� 8 n = 200, �>mJ�1��{ 300 W℄*(3 � 9 n = 500, �>mJ�1��{ 300 W℄*(3Æ�J 2, 6 bJ 8 M�Æ�J 3, 7 bJ 9 b\j��?bK�{2! }Q�t
IQRM
�I�&��UC����?�K�d2! }Q�rI�&�Z6$p�J$%�?bK�{2! }Q�t� GPD  }I�;VM℄�
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5 �|j�X<WT:�0�EU4B[��fv/Y�i>~_bD~�sq�x�\���
\��(��Æ4B[�ex<Q_��V��i�a GPD  }*�=O>I4-�(YT:�a�F
eje�= 8:00-9:00 4B��l
e�!S�G�; 2011 7
05 ~ 01 f( 2012 7 05 ~ 10 f��&iJ 10 .��J0b\O 2012 7MHO{�l
e�?7F 1 r��Æ(�;7i 2012 7Ml�t"=O1{� GPD  }*�req6�#��

� 10 2�
?k	d��Q�%I�u�4B�!Si[��
bT$(��J 11 "�4B��l
e�!SX&G�o!�%!$+$^!Mq�D$%(G�!�/F&��!S[-e�uT��Tei[6}�J 12 =�Z$\!MiT$uult�Te%vi[6}�O{L}.ÆYT$ay� 0.5 
 u ∈ [0.4, 0.5], C� u > 0.6 O{=�Z$\!F'���J(��$ u = 0.4.

� 11 QQ I � 12 <�Y"[�IDX�4B� }46o�
��* m ÆY Zm $%|,MqiJ 13. J0 CL Xd2! GPD  }�=2^$ 3.17, H�*n Zn = 3.23 > 3.17 PXv�y�J }[�L m∗ = 181(10 ~ 28 f), �$�7�([�D/ }�1#6 }b�;$%4B�
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� 13 ?k	d��Q Zm E�}�tI � 14 J 1 mJ 2 p GPD 4� �V�IMl� GPD  }2!I�o*�#7�s_'_��njo2$K2!I��
A-D G�~ A2 4ea�#7 (&" 4). P $ai 0.05, 1#7#<t��e%v�Sv�
e�!S(,Y GPD. C��oK�?2!Zai 0, $%1!S\ei[6��K 1 K�2!aiK 2, HÆ?pp�^+2!8$C(a�"%HÆO{[���Æ(6:��X!N#��ÆÆY4B{�r8$�|,O4e GPD 5�!�W�iJ
14. YJ0b\j��l
e�ti 0.46 r4B{��}5��lÆaiHÆ��ai
0.46r5��/IJ?N\jHÆailÆ�C$%\�D	�Ml�Æx<4B[�Ej�Q_�PV O�1 }*�w1Y_i#aF�0r��Æ(4{At6 [29].Z 4 n1"Js GPD 1�H�
B(�!5

Group Mean Sd û σ̂ γ̂ A2 P value

2011.05.01 ' 2012.05.10 0.43 0.11 0.40 0.09 0.25 0.54 0.23J 1:2011.05.01 ' 2011.10.28 0.46 0.13 0.40 0.12 0.05 0.73 0.11J 2:2011.10.28 ' 2012.05.10 0.41 0.09 0.41 0.05 0.40 0.20 0.92

6 w��Æ GPD }�y#7d:��aF��#7o2!GPD }#6o�
rMa'_�G�~�BX2! zln GPD }Æ!'_\!(y'}�.�LgO GPD+� ~�(y'}I�8O�z>(�%�%#7G�~�M�z�q�*41L;V7���a GPD  }#7G�~r7b_�� GPD {2! }B�7id2! }� GPD  }I��V6℄�C�� GPD  }#6*�;e�$��_i� }��	�$lC"%�iMa'_�#7G�~r GPD  }#6*����Æ(b�e�r>I����awebQitzj1L� 1) s_�a���F�~e GPD  }#6*��
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[27] Jarus̃ková D. Maximum log-likelihood ratio test for a change in three parameter Weibull distribution.

Journal of Statistical Planning and Inference, 2007, 137: 1805–1815
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Abstract To detect state changes in extreme events, the generalized Pareto distribution

(GPD) change point detection model was studied based on likelihood ratio method. This

paper considered the testing problem of the GPD change point with three parameters, and

proposed maximization likelihood ratio test statistics. The asymptotic distribution of test

statistic was obtained by proving a series of limit properties of the log-likelihood of GPD after

parameter transformation and the test statistic. We evaluated the finite sample properties of

the proposed method through simulation studies. The case study also verified the feasibility

of the proposed method.
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